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In the signal detection paradigm, the non-parametric index of sensitivity A′, as first introduced by
Pollack and Norman (1964), is a popular alternative to the more traditional d ′ measure of sensitivity. Smith
(1995) clarified a confusion about the interpretation of A′ in relation to the area beneath proper receiver
operating characteristic (ROC) curves, and provided a formula (which he called A′′) for this commonly
held interpretation. However, he made an error in his calculations. Here, we rectify this error by providing
the correct formula (which we call A) and compare the discrepancy that would have resulted. The corre-
sponding measure for bias b is also provided. Since all such calculations apply to “proper” ROC curves
with non-decreasing slopes, we also prove, as a separate result, the slope-monotonicity of ROC curves
generated by the likelihood-ratio criterion.
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Introduction

Signal detection theory (Tanner & Swets, 1954; Peterson, Birdsall, & Fox, 1954; Swets,
Tanner, & Birdsall, 1964; Green & Swets, 1964) is commonly used to interpret data from tasks
in which stimuli (e.g., tones, words, or medical images) are presented to an observer who must
determine which one of the two categories (e.g., present or absent, old or new, benign or malig-
nant) the stimulus belongs to. This procedure yields two measures of behavioral performance:
the hit rate (H ) and the false alarm rate (F ). Normally, H and F are transformed into indices
of sensitivity and bias based on assumptions about an underlying statistical model (e.g., the d ′
index under the assumption of normal distributions with equal variance). However, other esti-
mates are available that avoid making distributional assumptions. The most prominent alternative
is based on an estimate of the “average” area of possible receiver operating characteristic (ROC)
curves that are constrained by the experimental data (H and F ). This measure (called A′) was
first proposed by Pollack and Norman (1964) and popularized by Grier (1971).

Since its introduction, A′ has become a popular “non-parametric” alternative to d ′ for measur-
ing sensitivity in detection and categorization tasks (Macmillan & Creelman, 1996). Its popularity
is probably a consequence of the fact that, unlike d ′, it is defined even when F or H is equal or
close to 0 or 1. Nonetheless, given its widespread use, it is interesting to note that A′ does not
measure what many people believe it measures (Smith, 1995). Smith reported that A′ was com-
monly (and incorrectly) believed to be an average between the minimum-area and maximum-area
proper ROC curves that can pass through the observed point p = (F, H). He then proposed a
new measure, A′′, which he claimed to be the correct formula for this common interpretation.
However, Smith made an error in his calculation, so that the formula he gave does not always
reflect the average of the minimum and maximum proper ROC curves that pass through a given
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point.
In this note, we will provide an appropriate formula (which we call A) for this sensitivity

measure, and compare the discrepancy between A′, A′′, and A. We will also introduce an asso-
ciated bias estimate (which we call b). To investigate the slope-monotonicity assumption (the
definition of a “proper” ROC curve), we will first show that ROC curves based on the likelihood-
ratio criterion, despite a possibly non-monotonic relation between the sensory encoding values
and the likelihood-ratio values, always have monotonic slope. We then apply the Neyman–Pearson
Lemma, which implies that likelihood-ratio based ROC curves always lie on or above ROC curves
based on other criteria, to argue that A represents an optimistic estimate of detection sensitivity
from subjects.

Estimates of Sensitivity Based on ROC Areas

One way to obtain an estimate of sensitivity is to measure the area under the ROC curve
(Green & Swets, 1964). To obtain this area, response bias is systematically manipulated (e.g., by
varying the payoff) and (F, H) pairs are plotted for each bias condition. Then, an ROC curve
is formed from these points, either by fitting a curve through the observed points based on an
underlying model, or by simply connecting the observed data points. The area under the obtained
curve is taken as an index of sensitivity which is justified, because this area has been shown to be
equal to the percentage correctly obtained in a two-alternative forced-choice task (e.g., Green &
Swets, 1964, p. 47). As with any statistic, ROC areas may vary due to sampling error. This type
of variability was investigated by Pollack and Hsieh (1969) for ROC curves based on multiple
data points. Using ROC areas to estimate sensitivity is less tractable if data are only obtained for
a single bias condition, because there is a large range of “proper” ROC curves1 that could pass
through any single point. However, for the point p = (F, H), as seen in Figure 1, all proper ROC
curves must fall within or on the bounds of light shaded regions A1 and A2. Pollock and Norman
(1964) proposed a measure of sensitivity A′ as the average of the areas A1 + I and A2 + I , which
Grier (1971) explicitly showed to equal:

A′ = 1

2
+ (H − F)(1 + H − F)

4H(1 − F)
. (1)

Generalization of the A′ measure to A′
r , namely the averaged area under ROC curves passing

through multiple data points (obtained by the confidence rating paradigm), was considered by
Donaldson and Good (1996). It is noteworthy that the area A1 + I and A2 + I (used in the
construction of A′) is, respectively, a function of odds ratios F/H and (1 − H)/(1 − F) which
in turn are interpretable with respect to the logistic model (Macmillan & Creelman, 1996).

However, A′ (and A′
r ) is not the average of the maximum-area and minimum-area proper

ROC curves, although it is easily shown to be the average of the area I and I + A1 + A2 from
Figure 1. While the smallest area associated with a proper ROC curve passing through p is I , the
area of the largest proper ROC curve, namely Amax, is not I +A1 +A2, and its proper calculation
is a much subtler issue. Smith (1995) made the claim (without proof) that, depending on whether
p is to the left or right of the negative diagonal H + F = 1, Amax is the larger of I + A1 and
I +A2, shown in Figure 1. Smith (1995) then derived the average of I and max{I +A1, I +A2},
which he called A′′, as

1A proper (or admissible) ROC curve is a concave curve that connects the end points (0,0) and (1,1). It necessarily
lies above the positive diagonal H = F , and has non-increasing slope going from (0,0) to (1,1).
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Figure 1.

Proper ROC curves through point p must lie within or on the boundaries of the light shaded regions A1 and A2. The
minimum-area proper ROC curve through p lies on the boundary of region I .

A′′ =






3

4
+ H − F

4
− F

4H
if H ≤ (1 − F);

3

4
+ H − F

4
− 1 − H

4(1 − F)
if H > (1 − F),

(2)

However, Smith’s (1995) claim about Amax was erroneous when p is in the upper left quadrant
of the ROC space (i.e., F ≤ 0.5 and H ≥ 0.5). In this region, neither I + A1 nor I + A2 is the
region bounded by the maximum-area proper ROC curve passing through p. In the next section,
we will derive the correct formula for the maximum-area ROC curve for p in any region, and
introduce a new formula (denoted as A) for the average of the maximum and minimum area of
proper ROC curves passing through a given data point.

The Proper ROC Curve with Maximum Area

Proposition 1. The maximum area Amax among all proper ROC curves passing through a
given point (F, H) is

Amax =






1 − 2F(1 − H) if F ≤ 0.5 ≤ H ,

1 − F

2H
if F ≤ H < 0.5 ,

1 − 1 − H

2(1 − F)
if 0.5 < F ≤ H .

(3)

Proof. To determine the value forAmax achieved by proper (admissible) ROC curves passing
through p = (F, H), we examine the value of its slope at p, denoted sp. Because the slope of a
proper ROC curve is non-increasing as one progresses from (0, 0) to (1, 1), its slope at p must
satisfy
















